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Abstract 

We study the relativistic version of Schrodinger equation for a point 
particle in 1-d with potential of the first derivative of the delta function. 

The momentum cutoff regularization is used to study the bound state 
and scattering states. The initial calculations show that the reciprocal 
of the bare coupling constant is ultra-violet divergent, and the resul¬ 
tant expression cannot be renormalized in the usual sense. Therefore a 
general procedure has been developed to derive different physical prop¬ 
erties of the system. The procedure is used hrst on the non-relativistic 
case for the purpose of clarihcation and comparisons. The results from 
the relativistic case show that this system behaves exactly like the delta 
function potential, which means it also shares the same features with 
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amshalab@qu.edu.qa, -1-974 4403 4630. 
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quantum field theories, like being asymptotically free, and in the mass¬ 
less limit, it undergoes dimensional transmutation and it possesses an 
infrared conformal fixed point. 


1 Introduction 


Investigating a one particle relativistic quantum mechanical system proves to be a 
nontrivial process. Even for a free quantum mechanical relativistic point we can 
get some interesting properties M- For example, it was shown that a minimal 
position-velocity wave packet of a particle can spread in such a way that probability 
leaks out of the lightcone. Therefore, studying relativistic contact interactions is 
expected to give even more rich and interesting features. 


In non-relativistic quantum mechanics, contact interactions have been studied 
in great detail j5-14|. Unlike the non-relativistic case, the relativistic 5-function 
potential gives rise to ultra-violet divergences, which is regularized and renormal¬ 
ized using dimensional regularization. The approach is widely used in quantum 
field theories [i5-18|. The need for any regularization method can be avoided by 
studying the problem as an application of the theory of the self-adjoint extensions of 
the pseudo-differential operators. This has already been investigated in the math¬ 
ematical literature, by using an abstract mathematical approach (l^. Recently, we 
studied the problem by directly solving the relativistic version of the Schrodinger 
equation of the Hamiltonian H = s/p'^ + m? -|- \5{x) in 1-d, where we used dimen¬ 
sional regularization to show that the system has remarkable features. For example, 
the relatively simple system shares many features with some complex quantum field 
theories, like asymptotic freedom, dimensional transmutation in the massless limit. 


and it also possesses an infra-red conformal fixed point j2^ . The same problem was 


studied using cutoff regularization j2l|. The solution gives the same results obtained 
using dimensional regularization. 

The problem of the ^'-function potential has attracted less attention than the 
5-function potential, that is aside from being studied generally in the context of 

and in 


contact interactions. It has been studied non-relativistically |22l-l24 1261-130 


the context of Dirac equation [3l|, l32|. The main difference between the 5-function 


potential and the 5'-function potential is that the problem in the later needs to be 
regularized even in the 1-d non-relativistic case. 


In this paper, we study the relativistic version of the Schrodinger equation of the 
Hamiltonian H = \Jp^ + m? + Ai5'(x) in 1-d using cutoff regularization. Normally, 
equivalent theories in quantum field theory are considered to be non-renormalizable, 
that is because the coupling constant has a positive power of length, and thus the 
theory is non-renormalizable by power counting ji^. However, in this work it has 
been proven that the relativistic theory can be regularized. The non-relativistic 
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(5'-function potential problem has also been investigated in details for the sake of 
comparison, and to present a general method to treat this problem. Onr resnlts 
for the (5'-fnnction potential shows the same remarkable properties of the 5-fnnction 
potential case. It also shares several non-trivial featnres with relativistic qnantnm 
held theories. In particular, just like quantum chromodynamics (QCD) j33|, it is 
asymptotically free j^, 35|. On the other hand there is a subtle difference in the 
expression of the wave function from the ^-function potential, which is a requirement 
for satisfying the boundary condition at the contact point. 


In our previous work [201. |21[, we proved that the bound state wave function 
takes the following form 

A\kB(0) , ex.p{ipx) 


^six) = 


2ti 


dp 


Eb - ^2 


— A\['b(0) 


1 

TT 


dp 






El 


m? + /i‘ 


■exp(-/i|a;|) + 


EBexp(-^m2 - E‘j^\x\) 


— E 


( 1 . 1 ) 


where Eb is the energy of the bound state. It is clear from eq. fll.ip that the wave 
function is real up to a phase constant. The bound state wave function diverges 
logarithmically at the origin, nevertheless it is renormalizable. The normalization 
condition is 


27r 


2E 


B 


^ ^ B \ 

A2|Tb(0)|2 m^-El^ (m2 - Elf!^ ^ ^ ^ ^} ‘ 

The above equation gives unusual statement; although ^^(O) is divergent, ATb(O) = 
Q_^is hnite. This can be better understood in the context of the cutoff regularization 


E 
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For this case, A can be obtained as a function of the cutoff momentum A; 

1 


A(A) = 


/(^b,A)’ 


where 


/(£b.A) = - 





-dp 


(1.3) 


(1.4) 




I-A Eb 

From eq fll.dp and eq fll.Sp . it is obvious that A (A) —)■ 0 as A —)■ oo. On the other 
hand eq. fll.ip gives 

Tb(0) = C,I{Eb), (1.5) 

where 

I{Eb) = \im /(Eb,A), (1.6) 

A^OO 


and Cl is a constant. Eq. fll.5p means that Tb(0) cx) as A ^ cx). Under this 
framework, it is understandable how a vanishing quantity times a divergent quantity 
give a hnite quantity that depends on the energy of the bound state and the mass. 
This concept, as basic as it is, is very important to understand the mathematical 
approach that we are using to study the present problem. 
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2 The Non-Relativistic Case 


To understand the relativistic 5'(x)-function potential problem, it is important to 
study the non-relativistic solution using certain procedure of cutoff regularization. 
The Schrodinger equation in this case is 

2 

—^>{x) + Aih'(a:)T(a:) = AET(a;), (2.1) 

2m 

where Ai is the bare coupling constant. In momentum space, the above equation is 


p 

2m 


T(p) + Ai / 6'{x)'^{x)e ^^^dx = AE 


( 2 . 2 ) 


where 


6'{x)^{x)e-^P^dx = - [ 6{x)'^^^l^e-^P^dx + ip [ 6{x)^{x)e-^P^dx. {2.3) 

./ — rv~\ CLjC ,/— 


Therefore, eq. fl2.2p can be written as 


p 

2m 


T(p) + Ai(ipT(0) - T'(0)) = AT;T(p), 


where 


(2.4) 


T(x) = — dp '^{p)exp{ipx), T(0) = 
2vr J 

ip'^{p) exp{ipx), T'(0) = 

271 I 


277 
271 J 


' dp T(p), 
dp ip^ (p). 


(2.5) 


Accordingly, we can write eq. fl2.2p as 


—T(p) + Ai(ipT(0) - T'(0)) = AE^{p). 
2m 


( 2 . 6 ) 


For the bound state, the wave function in coordinate space can be obtained using 
eq. (|2TP 

mA, r V'i'(')) - (2.7) 


d'Rfa;) = 


TT 


.oo 2mAEB - 

where AEb is the binding energy. The above equation can be written in a more 
compact form, that is 


*B(a:) = Ai (-h(x, A£;b)»),(0) + h(x, ABb)»b(0)) , 


( 2 . 8 ) 


where 


m 


h{x,AEB) = -[P.V. 

71 


roo X ^ d'^Io{x,AEB) 

/_oo 2mAE b — 


(2.9) 
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From eq. fl2.8p . a general expression for wave fnnction for the bonnd state in coordi¬ 
nate space can be obtained using contour integral (see Figure. 1 top panel). 


= Aiexp(-^-2AEBm|a;|) (^'^^{0)B{0)sgn{x)^ . (2.10) 

The above expression can be considered as the unregularized expression of the wave 
function. From eq. fl2.8p we get 


Ts(0) = -Ai/o(AEs)T),(0), (2.11) 

^b(O) = AiJ2(AEs)Tb(0), (2.12) 

where IkiAEs) = lk{0, AEb). From the above two equations, we get the gap 
equation, that is 

^ = ±^-Io{AEb)I2{AEb) = (2.13) 

M |Ai| 

The right hand side of eq. fl2.13p diverges. Therefore, the problem needs to be reg¬ 
ularized. This can be done by regularizing the integrals Ik{x, AEb)- For cutoff 
regularization, the interval of the integral in eq. fl2.9p should be changed to [—A, A], 
where A is the cutoff momentum. We define Ik{AEB, A) = lk{0, AEb, A), accord¬ 
ingly eq. fl2.9p can be written as 


Ik{AEB,A) 


m 

71 



{ipY 

2mAEB — 



(2.14) 


The values of the integrals Iq{AEb, A) and I 2 {AEb, A) can be calculated from 
eq. fl2.14p . which gives 

. /. ^ 1 / 2m / A A 

h(AEs,A) = ?^(^A-y=2);^arctan(^^=|=)). (2.15) 

It is obvious from the above equations that Iq{AEb, A) is finite for A —)■ cx). On the 
other hand I 2 {AEb, A) is linearly ultra-violet divergent. Therefore, we have 


1 / 2m / A A 

Ini AEb) = — hm —\ —--arctan , - = — 

^ ’ a^oottV-AEb \Aj-2AEBm) 

In this context, the gap equation is 


m 


-2 AEb 


.(2.16) 


Ai(A) 


= ±^-IoiAEB,A)l2iAEB,A), 


and the wave function in eq. fl2.8p can be written as 

T / \ 1- "^-^1 *pd'(0. A) - T'(0, A) • 

Ts(a;) = )im - / \ 


A —>-00 71 


'-A 


2mAEB — 


(2.17) 


(2.18) 
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Figure 1: The integration contours for obtaining the wave function of the bound 
state. In the non-relativistic case, there is a pole inside the contour at iy/—2niAEB, 
but no branch cut(top panel). For relativistic case, there is a branch cut along the 
positive imaginary axis, starting at p = im, and there is a pole at p = i\Jnri^ — E]^ 
(bottom panel). 

therefore we get 

= hm ft's (x, A) 

A—>-oo 

= lim Ai(A)[-Jo(x,AEb,A)^'^(0,A) + Ji(x,AEs,A)^b(0,A)], 

A^oo 

(2.19) 
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also we have 


= lim 

A^OO 


In addition, eq. fl2.19p gives 

^b(0,A) = -Ai/o(AEs,A)^'5(0,A), 
^^(0,A) = Ai/2(AEb,A)^s(0,A), 

therefore we get 

^b(0,A) = ±1 


/2(AEs,A) 


/o(AEb,A) 


^i?(0,A), 


( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 


where ± sign is correspond to Ai = ±|Ai|. The above eqnation means that T'^(a;) 
is singnlar at the origin as one can also verify this from eq. fl2.7p . 

The normalization condition for the bound state imposes conditions on the values 
of AiTb( 0) and AiT^(O). From the normalization condition, we have 


'^B{x)rdx= lim 




+ 1^) 


B 


A->oo TT {2mAEB — 


-dp = 1. 


(2.24) 


We can verify from eq. fl2.7p that Tb(x) is real up to a phase constant, therefore the 
above equation can be written as 


\'^B{x)\^dx = Afvl>'5(0)^ 

= A?T'^(0)^ 
= 1 . 


-2AEb)3/2 


+ A?Tb(0)^ 


,3/2 


yj—2 AEb 


Io{AEb) m3/2 
;-2AEs)3/2 h{AEB) ^-2 AEb 


(2.25) 


The above equation means that Ai\[''^(0) is a hnite non-zero number, which is given 
by the following relation 


Ai>I>i,(0) = ±( 


Since 


lim 


y/m 

Io{AEb) m3/2 \ 

(2.26) 

(-2AEb)3/2 

I2{AEb) yJ—2AEB ) 

Io{AEb,A) 
o I2 {AEb, A) 

HAEb) ’ 

(2.27) 


we can write eq. fl2.26p as 


Xi^'b{0) = ± 


(-2AEb)3A 


m 


1/4 


(2.28) 


The above equation together with eq. fl2.2ip and eq. fl2.13p gives Ai\I'b( 0, A) ~ A 
therefore we get 

lim Ai(A)Ts(0,A) = 0. (2.29) 

A^oo 
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From previous discussion, the wave function for the bound state can hnally be 
written as 


^b{x) 




exp(—x|x|) 


± 


m I IpjAEn) 
a^oottV h{AEB,A)J_^ 


2mAEB — 



(2.30) 


where AEb = —x^/2m. The ± sign inside the bracket in eq. fl2.30p is correspond 
to Ai = ±|Ai|. The second term in the bracket of eq. fl2.30p vanishes as A —)■ oo, 
however it is very important to keep in mind that the term cannot be simply put to 
zero in the expression of This can be better understood from eq. fl2.8p that 

gives 

T's(x) = Ai {-h{x, AEbWb{^) + h{x, AEb)Tb(O)) , (2.31) 

which means that we can no longer ignore the second term, because l 2 {x, AEb) 
diverges at the origin such that I 2 {AEb)'^ t oo. As a consequence of this 
argument, we can not say that the wave function in eq. fl2.30p is even, but we can 
say that it has a diminishing odd part for any x G (—cc, cxo). Only with such setting 
we can satisfy the boundary condition in eq. fl2.1ip and eq. fl2.12p simultaneously. 


Now we study the scattering wave function for the non-relativistic case. For this 
case we use the following ansatz 

e 


'^e{p) = A5{p — V2mAE) + B6{p + V2mAE) + ^e{p), AE = (2.32) 

2m 

where A and B are arbitrary constants that will be defined later. To calculate the 
scattering states, we must calculate <F£;(a;)- Substituting for Te(p) from eq. fl2.32p 
into eq. fl2.6p . and then solving for ^e{p) we get 


^e{p) = 


2m\i 


2mAE — 


ip 


A + B 
271 


+ *h£;(0) 


A-B 

271 


ik + $'^(0) 


(2.33) 


In coordinate space 


$£;(a:) = 


mAi 


^ip^dp 


71 2mAE — p^ 

or in a more compact form 


ip 


A + B 

277 


+ ^£;(0) 


A-B 

271 


ik + $^(0) 
(2.34) 


^Eix) = -Ai/o(x, AE) ^$^(0) + ^ ^ih{x, AE) ^<Fe(0) + —^ 

(2.35) 

where the expression of Ik{x, AE) can be obtained from eq. fl2.9p by replacing AEb 
with AE. Since AE > 0, we have 


h{AE) = P.V. 


m 


71 2m AE — p‘ 


-dp = 0. 


(2.36) 



































Figure 2: Bound state wave function in coordinate space for the non-relativistic 
case. The value of the binding energy is AEb = —0.01m, with different values of 
A = 2m, 5m, 20m, and oo. The wave function turns to an even function with the 
increase of A. 

From eq. 02.351) we get 

$e( 0) = -AiJo(AE) (^$'^(0) + , (2.37) 

= XM^E) (^<Fe(0) + ■ (2.38) 

From eq. 02.35p , and using momentum cutoff we get 

*b( 0. A) = -Ai/„(AB, A)) U'„{0, A) + , (2.39) 

4i(0, A) = A,/2(AE, A) (^4 >e(0, A) + XfjA , (2,40) 

Again here, we have <F£;(a;) = limA->.oo A), and ‘Fe(^) = l^A^-oo E)- For 
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Figure 3: The integration contours for obtaining the wave function of scattering 
states. In the non-relativistic case, there are two poles on the reals axis at ±\/2mAE, 
but no branch cut(top panel). For relativistic case, there is a branch cut along the 
positive imaginary axis, starting at p = im, and there are two poles on the real axis 
at p = ±\/E'^ — nn? (bottom panel). 

A —)■ oo, the above two equations give 

. f A-B , A A + B 

^ “ 2n{Io{AEB) - Io{AE)y 
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(2.41) 















Therefore we get 


= {A + B) 


± lim 


m 




2'k‘^Iq{^Eb) J-oo 2mAi? — p'^ 

ip e^P^dp 


m 


A^oo V Ay —87r^Io{AEB) J-a 2 m AE — p‘^ 
From the above two equations and eq. fl2.35p we get 


Ai = ±|Ai|(2.42) 


Tijfa;) = AE^^ + Be 


-ikx , i^ + B) msm{k\x\) 


+ 


Io{AEb) k 




Ai = ±|A 


1 • 


We dehne the coupling constant as 
X{AEb) = X= ^ 


Io{AEb) 


-2AE 


B 


AEb = 


mA^ 


m 


2 ’ 


(2.43) 


(2.44) 


and therefore, when we remove the cutoff, the scattering wave function can be 
written as 

7 2 

<iJEix) = AE'^^ + Be-^'^^ + X(A +B)^sm(k\x\), AE = —. (2.45) 

k 2m 

It is important to mention here that for both case Ai = |Ai| and Ai = — |Ai|, we get 
attractive scattering states given by eq. 02.451) with X{AEb) < 0. This means that 
the regularization does not lead to a repulsive ^'-function potential. Like in the case 
of the bound state, we can not say that ^e{x) is an even function, but we can say 
that it has a diminishing odd part for any value of x G (—C) 0 , oo). 


The reflected wave function in the region / to the left of the contact point, and 
transmitted wave function in the region // to the right of the contact point are 
dehned as 


4//(x) = exp{ikx) + R{k) exp{—ikx), T//(x) = T{k) exp{ikx). 
From the above two equations and from eq. fl2.45p we get 


A = 


2k + imX 


R{k) = 
B = 


imX 


k + imX 
imX 


, T{k) = 


k 


2k + 2imX 2k + 2imX 

Accordingly, eq. fl2.45p can be written as 


k + imA’ 
A + B = T{k). 


m 


Tb(x) = Ale*'=^ + Se-*'^^ + T(A;)—sin(A;|x|), 

k 


(2.46) 


(2.47) 


(2.48) 
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To prove that the resulting system is self-adjoint, we have to prove that the 
scalar product of the bound state with a scattering state vanishes, or 

{Tb|Te) = 0, Ai = ±|Ai|, (2.49) 

also we must prove that the scalar product of a scattering state with energy E' with 
another scattering state with energy E gives 

~ S{\/2mAE — y/2mAE'), Ai = ±|Ai|. (2.50) 

This has been proved in details in appendix B. 


3 The Bound State of the Relativistic Problem 


The relativistic time-independent Schrodinger equation for the (^'-function potential 

is 

+ Ai(5'(a;)\l'(x) = Eip{x). (3.1) 

In momentum space, the above equation takes the following form 

(3.2) 


■\/p^ + -I- Ai(fp\['(0) — 4/'(0)) = E'^{p). 

For the bound state, the above equation gives 




fpT(O) - T'(0) 


271 " J —oo Ej^ — \/E 




(3.3) 




It is obvious from eq. fl3.3p that 4/s((r) is real up to a phase constant. The above 
equation can be written in a more compact form, that is 


d'B(x) — Ai(—\I'^(0)/o(a;, Eb) + 4 / 5 ( 0 ) 11 ( 0 ;, Eb)), 
where Iu^x^Eb) is dehned as 


Ik{x,EB) = — 


{ipfe 


k^ipx 


’—00 Eq 




-.dp = 




d^Io{x,EB) 

dx^ 


(3,4) 


(3.6) 


From the expression of 4/(x) in eq. fl3.3p . and the dehnition of Ik{x, Eb), it is possible 
to express the wave function for the bound state in terms of the K-Bessel functions. 
This can be done by calculating hrst Iq{x, Eb) in terms of the K-Bessel functions 


^ „CXD ^ 

I,{x,Eb) = — 




1 yf^ 

TV ^ V m 

n=0 ^ 


=1 [P + m^) 

iF„/2(m|x|) 

r(^) 


(3.6) 
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From eq. fl3.6p and eq. fl3.3p . we get 


^b{x) = 


X 



{Kn/ 2 {m\x\)^'B{ 0 ) + sgn{x)Kn/ 2 -i{m\x\)^ sio)) 

fW) 


(3.7) 


For a bound state 0 < Eb < m, or strongly bound state —m < Eb < 0, the above 
series converges. On the other hand, in the case of the ultra-strong bound state 
when Eb < —m, the series diverges. 


It is possible to obtain the wave function for all cases, bound, strongly bound, 
and ultra-strong bound, using the elegant contour integral method 0- Again, here 
it is sufficient to calculate Io{x,Eb) in order to calculate the wave function. For 
the bound state 0 < Eb < m, the contour has one pole inside the upper half circle 
at p = — Ej^, and it also has a branch cut along the positive imaginary axis 

starting a.t p = im as it is illustrated in Figure.1 top panel. In this case Io{x, Eb) is 


Io{x,Eb) = 


TT 


dp 




2 _ .^2 


2 2 exp(-p|x|) 

Ag — 


Aijexp(-^m2 - El\x\) 


- El 


Accordingly, the wave function is 


(3.8) 


*b(x) = Ai»'b(0) 



dp 






El-m? 


p‘ 


■exp(-/r|x|) + 


EBeyiv{-\/ni^ - E%\x\) 




p;2 


-Aid^B(0)sgn(a;) [ - [ dp ^ p\x\) + EB(iw{-Jm^ - ) (3-9) 

Y Jm E%-m^ + p^ V j 

For ultra-strong bound states, the pole is outside the contour, therefore we get 

1 poo / 2 2 

Iq{x,Eb) = -/ dp ^ exp{-p\x\), (3.10) 

as a result, the wave function for this case is 

d'ij(x) = Aid'5(0) [- f dp ~J^ ^exp{-p\x\)] 

Jm Ej^-m^ + p^ j 

- Aid'ij(0)sgn(x) [ - /" dp ^y_^ ~^ ^exp(-/x|3:|)y (3.11) 

Jm xjq m p j 

It is important to note here that the strongly bound and ultra-strong bound states 
have no equivalence in the non-relativistic solution. They are pure relativistic states. 

Their expression in eq. fl3.1ip is a result of the contribution of the branch cut in 
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Figure. 1. As we already know, the branch cut does not exist in the contour of the 
non-relativistic case. Again here, the expressions for in eq. fl3.9p and eq. fl3.lip 

are unregularized expressions of the bound state. 


Like the non-relativistic case, the wave function in eq. fl3.1ip is not normalizable 
because of the second term. In general, the expression of the wave function for 
(^'-function potential is not normalizable. That is because the integral 


p 


1-00 {Eb - 


—)■ CXO. 


(3.12) 


However, using the momentum cutoff regularization changes this, and the wave 
function can indeed be normalized, as we will explain later. 


4 The Gap Equation and Cutoff Regularization 
for the Relativistic Case 


First, we dehne 


= 4(0, Eb) = ^py. ( r - -. (4.1) 

27r \J-oo Eb - \/p^ + m? J 

For odd k, and using eq. fl4.ip we get 

/2,+i(i?B)=0, j = 0,l,2,3,... (4.2) 

The gap equation can be derived from the expression of 4/s((r) and ^/^((r) in eq. fl3.4p 
at X = 0, which gives 

Ts(0) = -XiIo{Eb)'^'b{0), (4.3) 

^UO) = XiI2{Eb)^b{0). (4.4) 

By solving eq. fl4.3p and eq. fl4.4p for Ai, we get 

^ = ±^-Io{Eb)I2{Eb). (4.5) 

The right hand side of eq. fl4.5p diverges, and therefore it must be regularized. This 
can be done by regularizing the integrals /^(F'b)- For cutoff regularization, the 
interval of the integral in eq. fl4.ip should be changed to [—A, A]. Accordingly, the 
gap equation can be written as 

^ = ±^-Io{Eb,A)I2{Eb,A), (4.6) 
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where 


h(Es.A)^^P.V.y‘ 


{ipY 


I-A Eb 

In addition, eq. fl4.3p and eq. fl4.4p can be written as 


+ 


-.dp . 




(4.7) 


^b(0,A) = -Ai/o(^s,A)^b(0,A), (4.8) 

^'^(0,A) = AiJ2(^b,A)^s(0,A). (4.9) 

To evaluate Io{Eb, A), the right hand side of eq. 04.71) for /c = 0 is expanded in powers 
of Eb /+ m?. This gives 


HEbA) 


I ( 1 

27r j_p^ + rn? ^ 



m? 



(4.10) 


If we take the limit A —)■ cxo, we hnd that all the terms in the summation are hnite. 
On the other hand, the hrst term is logarithmically ultra-violet divergent. All the 
rest of the terms can be integrated separately when A —)■ cxo and then re-summed. 
The summation is convergent for a bound state 0 < Eb < rn and a strong bound 
states 0 > Eb > —m as it was explained in jl^, and we get 


UEb.E) 


1 /VA2 + m2-A\ Eb / .Eb\ 

27r Y \/A2 -|- m? -\- A j 2'K^Jw? — E]^ V ^ / 


(4.11) 


We denote the hnite part of Iu^Eb) as IkdEB). For example 

Ioc{Eb) = --— r7r + 2arcsin—y (4.12) 

For an ultra-strong bound state with energy Eb < —m, the series diverges. Still, 
the result can be obtained by directly integrating the convergent expression, and 
taking the limit A —)■ cxo 


Ioc{Eb) — 


27r 


I dp 

Eb 


+ 


Eb — \/p‘^ + rn^ \/p‘^ + rn^ 


TT 




arctanh 


'VEl-m^ 




E 


Eb < —m. (4.13) 


B 


The expression of I 2 {Eb,A) can be obtained similarly, and we get 


I2{Eb,A) = — AVA2 + m2 + 

ZTT \ 

+ I2c{Eb), 


— 2E 


B 


log 


■s/A^ m? — A 
'YA^ + m? A 


-\- 2EbA 

(4T4) 
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where I 2 c{Eb) is the hnite part of I 2 {Eb). It is needless to calculate the value of 
I 2 c{.Eb) because it will never play a role in the calculations, as we will show this 
later. It is obvious that I 2 {Eb) is ultra-violet divergent. 

It is important to compare the order of smallness of Ai\I'b( 0) relative to Ai'h'^(O). 
From eq. fl4.8p and eq. fl4.9p we get 


4/^(0, A) 


±1 


HEb^K) 

'Io{EbA) 


^ij(0,A), 


Ai = ±|Ai 


(4.15) 


It is true that both of and 4 /b(x) are singular at the origin, as one can 

verify from eq. fl3.lip . However, eq. fl4.15p means that even more divergent 

than 4/^(0). The normalization condition for the bound state can give the values of 
AiTb( 0) and AiTg(O). From the normalization condition, we have 


\'^B{x)\‘^dx = lim A^ 


"A ^2 


p24's(0,A)2 + T'5(0,A)^ 


A^oo _ y/p2 ^2^2 

by using eq. fl4.15p . the above equation can be written as 


■dp = 1, 


(4.16) 


\^B{x)\'^dx = lim —Ai4/'^(0, A)^ 

A->-oo ZTT 


2E 


B 




El 


+ 


m 


(m^ 


Elfl- 


Io{Eb,A) 

HEb^A) 


G{A) = 1, 


where 


G(A) = 


p 


-dp. 


TT + 2 arcsin ■ 


E 


B 


m 


(4.17) 


(4.18) 


I-A {Eb - Tn?y 

By obtaining the above integral, we hnd that the expression of G(A) diverges like 
A. In order that the bound state to be normalizable, we must have 


Ai4/g(0) = ±\/^ lim 


2Ef 


A-foo \ 


Io{Eb,A) 

HEb^A) 


El 

- 1/2 


+ 


m 


(m^ 


EiyA 


TT + 2 arcsin ■ 


E 


B 


m 


G{A) 


(4.19) 


For A —)■ cxo, the term {Iq{Eb, A)/I 2 {Eb, A)) G{A) vanishes in the above equation, 
and we get 


Cl = AiT),(0) 



2Eb I 

m?-El ^ (m2 - Elf A 


71 + 2 arcsin ■ 


E 


B 


m 


- 1/2 

(4.2P) 
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this means that for this case, the wave function in eq. fl3.3p is normalizable, and 
Ai\h'^(0) is a hnite number. According, the wave function in eq. fl3.4p can be written 
as 




= Cl lim 

A—>-oo 


-Io{x,Eb,JC) ± 


Io{Eb:A) 

'I2{Eb,A) 


Ii{x,Eb,A) 


(4.21) 


where Io{Eb,A) is given by eq. fl3.8p for bound and strong bound states, while it 
is given by eq. fl3.10p for the ultra-bound state. As for the second term in the 
above equation, it can be proved that Ii{x, Eb, A) has a pulse with peaks at x = 
±a{EB)A~^ near the origin, where a{EB) is a constant, also we get 
Ii{±a/A, Eb, A)± ~ h{EB)A, where B^Eb) is another constant. Nevertheless, the 
pulse is suppressed by the term Io{Eb, A)/I 2 {Eb, A) as A —)■ cxd. Therefore, after 
taking the limit A —)■ cxo, the second term can be neglected in comparison with the 
first term for any value of x G (—cxo,cxo). This issue has been discussed in more 
details in appendix A. Like the non-relativistic case, we can not simply say that 
the second term is zero, because we can not neglect this term in the expression of 

nw- 


5 The Scattering States for the Relativistic Case 


For the scattering states, we have E > m. A suitable ansatz for this case must be 
neither even or odd. Therefore, we assume that the solution has the following form 

T £;(p) = A5{p — V E'^ — m?) + B6{p + y/ E'^ — m?) + $£;(p), (5.1) 

By substituting eq. fl5.ip into eq. fl3.2p . we get 

{y/p‘^ + w?-E)^E{p)+{ip + zfc + $),(0)^^ =0 


^e{.p) = 


ip 


2tt 
A + B 


+ ‘h£;(0) ) — 


E — ijp"^ -|- m? V ^ V 27r 

From eq. fl5.2p . we get ^e{p) in coordinate space, that is 


27r 

A-B 

271 


ik + ^^(O) 


(5. 


•LrIx) = 


Ai 


^ipxdp 


27r y_oo E — 


W I + <1>e(0)) - ((1 ik + <l.i;(0) 


27r 


27r 


(5.3) 


We can write the above equation in a more compact form, that is 
4 £(x) = a, (- (+ $'^(0)) I„(x, B) + ( 4 ^ + 4„(0) ) I,(x, E) ) . 


27r 


(5.4) 
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Figure 4: Bound state wave function in coordinate space for the relativistic case with 
Eb = m/2, and different values of A = 2m, 5m, 20m, and oo. The wave function 
turns to an even function when A —)• oo. 


From eq. fl5.4p . and using momentum cutoff we get 

'A-B 


where 


$s(0,A) = -Ai(A)/o(S,A) 
4>'^(0,A) = Ai(A)J2(E,A) 

1 /-A 

Ik{E,A) = 


2ti 
A + B 


271 


ik + <Fe( 0, A) 
+ d)£:(0. A) 


{ipY 


(5.5) 


(5.6) 


27r J_x E — + m^ 

The divergent part of Iq{E) is similar to the divergent part Iq{Eb)- By using 
eq. fl4.13p for the scattering case, we get 


Io{E,A) = ^log 


+ 


E 


\/A2 + t?7A — A 
\/A2 + + A / Tiy/E — m? 


arctanh 


VE 


m^ 
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(5.7) 
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Similarly, we get 


hiE^k) = — (AvA^ + m" 




^llog 






A 


A? + m? + A 


+ 2Ek 


+ hc{E), (5-8) 

where hdE) is the hnite part of I 2 {E,A). Again here, it is needless to calculate the 
value of l 2 c{E) because it will never play a role in the calculations as we will show 
this later. From eqs. fIS.Sp we get 

/o(S, A)Ai(A) f{A- B)tk + Ai(A)/2(E, A)(A + B)' 


‘h£;(0. A) — 


$e(0,A) = 


27r 


l + /o(E,A)/2(E,A)Af 


/2(S,A)Ai(A) [{A + B)- {A-B)ikXME,A) 
271 


(5.9) 


(5.10) 


1 + Jo(E,A)J2(E,A)A2(A) 

By substituting for the value of Ai(A) from eq. fl4.6|) into eq. fl5.9p and eq. fl5.10p . after, 
we substitute for Iq{E,A) and I 2 {E,A) from eq. fl5.8p and eq. (15.71) . then taking the 
limit A —)■ cx) we get 


Ai 


A-B 

271 




A + B 


27i{Ioc{Eb) - Ioc{E)y 


Ai = ±|Ai|, (5.11) 


Ai(A) 


(A + B 
V 271 


+ $e(0. A) 


(A + S)v/M^ 

^27rA(/o(EB)-/o(^))’ 


By substituting eq. fl5.11l) and eq. fl5.12p into eq. (15.41) . we get 


Ai = ±|Ai|. (5.12) 


(A + B) ( +P^dp 

4:77‘^{Io{Eb) — Io{E)) y y_oo E — 

^log(2A) ip+P^dp \ 

^ A /_A E - j ’ 


±|Ai|. (5.13) 


The odd part of ^^(a^) term has a factor of A/log(2A)/A, multiplied by Ii{x,E,A) 
which has a pulse at a; = ±a(ii^)A“^ with a hight b{E)A when A —)■ oo, as we explain 
in Appendix A. On the other hand, the even term diverges logogrammatically at 
the origin, therefore the odd term can be ignored in the expression of ^e{x) for 
any x G (—cxo,cxo). However, this term can not be ignored when taking $^(a;), 
as we explained in the case of the bound state. The expression Iq{Eb) — Io{E) = 
Ioc{Eb) — Ioc{E) is finite, that is because the divergent terms cancel each other. Our 
previous non-relativistic treatment suggests that the energy-dependent relativistic 
running coupling constant renormalized at the scale Eb is given by 


X{E,Eb) = 


Ioc{Eb) - lociE) 


E 


B 


277^\ 

E 




c;2 


71 + 2 arcsin ■ 
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71 




=arctanh 
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-1 


(5.14) 
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It is easy to prove that for AE = E — m ^ m, and AEb = Eb — m —m, the 
expression of X{E,Eb) rednced to the expression of X{AEb) in eq. fl2.44p . 

Again here, the first integral in eq. fl5.13p can be solved nsing the contonr inte¬ 
gration of Fignre.2. Accordingly, we get 


^e{x) = 


+ X{E, Eb){A + + 


sin(fc|x|) 

k 


TT 


=p lim 

A—>00 


-X{E,Eb){A + B) / dll 




\/^og(2A) 


iB + kX 

rA 


A 


{A + B)X{E,Eb) 


exp(-/i|a;|) 
ip e^^^dp 


'-A \/fc^ + m? — \/p'^ + m? 


Xi — ±|Ai|, 


E = VWT 




(5.15) 


To nnderstand more the meaning of the wave fnnction in eq. fl5.15p . and the 
constants A and B, we stndy the reflected and transmitted wave fnnctions for this 
In region I to the left of the contact point, i.e. for x < 0, the relativistic 


case. 


reflected wave fnnction takes the following form [20 


4//(x) = exp(i/cx) -|- R{k) exp(—ifcx) -f C{k)X{E, Eb)xe{x) 


(5.16) 


In region II to the right of the contact point, i.e. for x > 0, the relativistic trans¬ 
mitted wave fnnction takes the following form 

'h//(x) = T{k) exp(i/cx) -F C{k)X{E, Eb)xe{x). (5-17) 

Here, C{k) is a constant that will be determined later, R{k) and T{k) are the 
reflection and transmission coefficients, and 

1 r °° A /;,2 _ 

Xe{x) = - dfi -^exp(-/i|x|), (5.18) 

^ Jm p + rj — m 

is the branch-cut contribution, which arises in the relativistic case only. This con¬ 
tribution decays exponentially away from the contact point x = 0, therefore it has 
no effect on the scattering wave function at asymptotic distances. By comparing 
eq. fi 5 .i 5 p for X < 0 with eq. (15.161) . and for x > 0 with eq. fl5.17p . we get the following 
relations 

k + iX{E,EB)Vk^ + k + iX{E,EB)Vk^ + 


12k + iy/kX' -\- m? 
2 k + iy/k"^ + rn? ’ 



C{k) = --T. 

TT 


(5.20) 
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To verify that the resulting system is self-adjoint, we must examine the orthog¬ 
onality of the various states. In other words, the scalar product of the bound state 
and the scattering states has to vanish, or 

{'1/b|Te) = 0, (5-21) 

also the scalar product of two scattering states has to vanish too 

= (5.22) 

The proof of self-adjointness is explained in appendix B in eq. flT.lSp and eq. fl7.29p . 
where we prove that the system is self-adjoint for Ai = ±|Ai|. 

6 Repulsive and Attractive Scattering States, and 
the Non-relativistic Limit for the Relativistic 
Case 


For the relativistic case, and once we remove the cutoff we have the same bound 
state for both Ai = ±|Ai|, and the same scattering states for both Ai = ±|Ai|. 
Moreover, the wave function of the scattering state is like the one for the ^-function 
potential. To see that, let us take the even part of the wave function in eq. fl5.15p 


T£;(x)- h Ti5(-a:) = A{k) 


cos{kx) + \{E, Eb) 






sin(/c|a;|) 


X{E,Eb) 


TT 


d/i 




2 _ ^2 


fE + k"^ 


exp(-/^|i|) 


(6.1) 


This exactly the same expression of the scattering wave function of the d-function 


potential that was derived in [20|]. The same goes for the bound state. 


From eq. fl5.14p and eq. fl4.12p . bound and strong bound states {\Eb\ < m) are 
correspond to attractive h'-function potential, because then X{E, Eb) < 0 . On the 
other hand, for ultra- strong bound state {Eb < —m ), the value of Iqc{Eb) is given 
by eq. fl4.13p . and therefore it gives X{E,Eb) > 0 for > Eb, (see Figure 5). This 
correspond to a repulsive d'-function potential. 


By taking x/m —)■ 0, we get the non-relativistic limit for the relativistic bound 
state. Accordingly, eq. fl4.2ip gives 


'hs(x) = 


X 


- / d/x 




2 _ ^2 


mir 


jj? — x^ 


exp(—/i|a;|) -f exp(—x|a:|) 


± \/x lim 

A^OO 


2 m-^log(2A) 


A 


{A + B)X{E,Eb) 


r jp ^w^dp 
/_4 2AEBm — 


( 6 . 2 ) 
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Figure 5: The running coupling X{E, Eb) as a function of the scattering energy E 
in the units of m, for Eb = —1.1m, —2m, —3m, and —4m. The graph in the lower 
right corner was extended to large values of E in order to illustrate the asymptotic 
freedom of the system when X{E, Eb) —)■ 0 as E ^ oo 


This means that the wave function reduces to the bound state for the non-relativistic 
case in eg. (12.301) . However, the divergence at the origin of the relativistic wave 
function persists for any non-zero value of x/m. Moreover, the last integral in 
eq. fl6.2p does not reduce to the analogous form in eg. (12.301) . however, this term can 
be ignored if we remove the cutoff. The non-relativistic limit for the relativistic 
scattering states is 


^Eix) = AE^^ + Be-^'^^ + {A + B)X{EB) 


—ikx 


msm[k:\x\ 

k 


- \ )^HEb)(A + B) J ^ J" -exp(-Ai|3:|) 


2myiog(2A) f'^ipe‘<“dp 


(6.3) 


where E = /2m. The same argument goes for the non-relativistic limit of the 
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scattering states. 


If we take the limit Eb —>■ —oo, the running coupling constant in eq. fl5.14p takes 
the form 


X{E,Eb)^- 


_7ry'E‘^ — 


arctanh 


y/E^ - m? 1 




E 


-log 

TT 


-2E 


B 


m 


-1 


For small non-relativistic energies AE = E — m ^ m, this reduces to 

vr 


A ^ 


log(-2Es/m) 


> 0 . 


(6.4) 


(6.5) 


Therefore we are reaching the non-relativistic limit for a repulsive ^'-function poten¬ 
tial with a coupling parameter X{Eb) > 0. This exactly the same as the case of the 
5- function potential j^. An important feature of the non-relativistic case is that 
it has only an attractive ^'-function potential, a result that has been also reached 
by jl^. In contrast, the non-relativistic limit of the relativistic case for ultra-strong 
bound state gives a repulsive ^'-function potential with X{Eb) > 0 in eq. fl6.3p . At 
hrst glance, this seems to be a paradox. However, the fact that contact interac¬ 
tions happen at very short distances can explain the issue. Very short distances 
mean high momentum transfer, therefore even for non-relativistic limit energies, the 
particle still influenced by the powers of p higher than two in the expansion of the 
pseudo-differential operator. 


7 Conclusions 


The investigation of the 6'- function potential in 1-dimensional non-relativistic and 
relativistic quantum mechanics require regularization. On the other hand, renor¬ 
malizing the coupling constant Ai using renormalization methods in the usual sense 
is not possible due to the square root in eq. fl2.17p and eq. fl4.6p . However, Ai always 
appears in the equation of motion as AiTb(0 ), and AiTg(O), and therefore this 
suggests to redehne the concept of renormalization in this case to a renormalized 
Ai\['b( 0), and Ai4/^(0). This could be done by proving that they are hnite quantities 
under the regularization scheme. The cutoff regularization is successful in calculat¬ 
ing the order of smallness of Ai, 4/^(0), and ^'^(O). When removing the cutoff we 
get Ai\['b(0 ) 0, while the value of AiTg(O) is obtained from the normalization 

condition. Having these information we are able to obtain the wave function for the 
bound state, and scattering states in both relativistic and non-relativistic cases, and 
without the the need for the explicit form of Ai. Before removing the cutoff, in both 
of the non-relativistic and relativistic cases, there are 2-parameters family of self- 
adjoint extensions Ai = ±|Ai|. However, once we remove the cutoff, we end up only 
with one parameter, that is the coupling constant X{AEb) in the non-relativistic 
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case, and X{E,Eb) energy-dependent relativistic rnnning conpling constant in the 
relativistic case. 

After removing the cntoff, the resnltant wave fnnctions, bonnd and scattering 
states have exactly the same expression of the analogons ones in the relativistic 
(5-fnnction potential case. As a resnlt, we have the same interesting featnres of 
the 5-fnnction potential like, asymptotic freedom, dimensional transmntation, and 
an infra-red conformal hxed point in the massless limit that was discnssed in onr 
previons paper j^. The only difference is that AiT^(O) is a non-zero constat while 
AiTb(0) —)■ 0 in the case of the ^'-fnnction potential, while AiTb(0) is non-zero 
constant in the case of the 5-fnnction potential. However this will not affect the 
probability density in both problems, becanse in the two problems, both of Ai\['' 5 ( 0 ) 
and Ai\['^(0) have the same dependency on Eb, as it is clear from eq. fl4.16p and 
eq. fl4.2Up . It is not clear if the work in leads to the same conclusion. 

One of the important results of this work is highlighting the fact that the non- 
relativistic limit of the relativistic case does not lead exactly to the non-relativistic 
solution. The non-relativistic case has only an attractive ^'-function potential. In 
contrast, the non-relativistic limit of the relativistic case, and for ultra-strong bound 
state gives a repulsive ^'-function potential, where X{Eb) > 0. This is explained by 
the notion that h'-function potential is a contact interaction that takes place at very 
short distances, which mean high momentum transfer. Therefore, even for non- 
relativistic limit energies, the particle still influenced by powers of p higher than 
two in the expansion of the pseudo-differential operator. This also explain why 
the divergence at the origin persist when taking the non-relativistic limit of the 
relativistic case. The (^'-function potential reveal this issue more than the (5-function 
potential, because in the the (5-function potential, we do have a repulsive solution 
for the non-relativistic case. 

The ideas and procedures discussed in this paper can be useful in solving the rel¬ 
ativistic, and non-relativistic Schrodinger equation for potentials with higher deriva¬ 
tives of the delta function. We can also investigate higher dimensions, and check 
the self-adjointness of such systems using the procedure explained in appendix B. 
It is well known that some regularization methods give rise to a nonself-adjoint 
Hamiltonian H. and It would be interesting to verify this independently. In fu¬ 
ture work, there is a possibility of a successful investigation of a contact interaction 
for a two-particles system using this approach. Such system has a total energy 
E = \/+ M^, where P, and M are the total momentum, and the rest-energy of 
the system respectively. In this case, we have to construct a boost operator, and 
prove that the Poincare algebra is respected. The mass spectrum for this case offers 
an interesting result that could be matched with a mass spectrum from a quantum 
held theory. 
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Appendix A: The Order of Smallness of the Odd 
Part of the Relativistic Wave Function 


The wave function in eq. fl3.4jl can be written as 


A) = Tseix, A) + Tbo{x, A), (7.1) 

where TBe{.x,A) and T 5 o(a;,A) is the even and odd part of the relativistic bound 
state respectively. Accordingly, TBo(a;, A) can be written as 


Tbo(,x,A) = 



IoiEB,A) 


HEbA) 
UEb,A) 


Ii{x,Eb,A) 

ipexp{ipx) 


h{.EB^A) Eb — \/p^ + m? 
/-A 


dp 


E 


ipfx 


k^k—1 


Io{Eb,A) 

h{EB,A) ^ (^Eb - + m'^){k - 1)! 


dp. (7.2) 


For arbitrary x, the value of Tbo{x,A) in eq. fl7.2p vanishes as A ^ cxo. That is 
because ^y—Io{EB, A)/I 2 {Eb, A) goes to zero as A —)■ oo. However, this is not correct 
for all values of x, there is a spike in the value of T bo{x, A) in the neighborhood of 
X = ±<^. The numerical calculations show that the extrema values of Ii{x, Eb, A) 
is proportional to A, and the value of is inversely proportional to A, as A —)■ cxo. 
For large enough A, the series in eq. fl7.2p converges. The integral in the right hand 
side of eq. fl7.2p can be obtained analytically for all values of k. Accordingly, we can 
write the above equations as 


Tbo{x,A) = 


X 


+ 




Io{Eb,A) 




h{EB,A) 


m^-Ei 


k=l 

Eb 2-^1 (1, \ + k] ^ + k; 


- El){2k + l){2k - 1)\) 


A2 


m^—E'g 


(m2-E2)(2fc + l)(2fc-l)! 


■ 1 ) 


k-1 2k-l 

S 5 


(7.3) 


where Fi(ai; 02 , 03 ; 04 ; xi, 2 : 2 ) is the Appel hypergeometric function with two vari¬ 
ables, and 2 A"i(ai, 02 ; 03 ; z) is a hypergeometric function with one variable. The 
value of can be obtained from the hrst maximum of Ii{x, Eb,A), or 


dh{x,EB, A)^ 
dx 


-p^ expiipx) 


\x=(; 


I-A {Eb - m2)2 


d'P \x=‘; 0 . 


(7.4) 
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From the above equation, and using eq. (17.31) . the value of can be calculated by 
solving numerically the following equation 




'mFiU + n; 1; | + n; 


A2 




k=l 


{m‘^ - El){2k + l){2k-2)\ 


Eb 2-^1 (1,1 + n; I + n; 


A2 


nn?—E 'g ■ 


- El){2k + l){2k-2)\ 




(7.5) 


There are inhnite number of values for that satishe the above equation. We are 
only interested in the smallest <^. As A —)■ oo, it can be proved that ? —)■ a(i?s)A“^. 
By substituting the obtained value of in eq. fl7.3p we get 


Tso(±?,A) = iCi. 


Io{Eb,A) 

'HEb.E) 


b{EB)A, 


Ai = ±|Ai 


(7.6) 


For the scattering states, we write 

^e{x, A) = TEe{x, A) + Teo{x, A). 


(7.7) 


where TEe{x,A) is the even part, and Teo{x,A) is the odd part of <FE((r,A). From 
eq. fl5.13p . the odd part takes the following form 


^7 ^ yiog(2A) ipexp{ipx) 

Teo{x,A) = t- -- ^===dp, 


A 


I-A E - 


Ai = ±|Ai| 


(7.8) 


The same mathematical treatment of the bound state can be repeated for scattering 
states, mainly by replacing Eb with E in eq. fl7.2p . eq. fl7.3p and eq. fl7.5p . In this 
case, we also hnd numerically that when A —)■ oo, the extrema of Ii{x,E,A) are at 
X = 0 ^ a{EB)A~^, and 


TU±C.A) = =Fk!2|!A(,(B)A, 


Ai = ±|Ai|. 


(7.9) 


Appendix B: Self-Adjointness of the System 


The non-relativistic case 


The 


scalar product of Tb(x) and ^^(a;) is 


(Tb|Te) = lim — f dp ^ ^ 
A^-oo 71 2mAEB — p^ 


, ,, , Ia{&EB,A) 

hiAEB.A) 


X [A5{p — V2mAE) + B6{p + V2mAE) + ^e{p, A)], 


(7.10) 
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where 

~ 2mAi(A) f. [A + B ^ ,r^ w \ 

r \~ ^ ' ■ 

From the above equation and eq. 07.101) we get 


A-B 

271 


ik + $g(0, A) 


(7.11) 




A + B 


2m{AEB — AE) a-^oo 


lim f ± y/2mAE 


A-B 


IoiEB,A) 


(A + B) 


fA 


27iIq{AEb) y_A 
± {A + B) 


dp 


(l ± ip^- 


Jo(AEb,A) 

/2(AEs,A) 


2'm{AEB — AE) y I2{AEbi A) 
1 


m 


2mAEB — p^ 2mAE — p^ 

(l ±ipsj 


—2nlQ{AEB, A) V A J_^ 


dp 


Io{AEb,A) 

/2(AEfl,A) 


2mAEB — 


X 


ip 


(7.12) 


2mAE — p2 

The integrals in the above equation can be obtained by using the following relation 

(zp)" 1 h{AEB,A)-h{AE,A) 


m 


TT 


dp 


'-A 


2mAEB — p^ 2mAE — p^ 


AE-AE 


(7.13) 


B 


The above relation means that any integral involves odd powers of p vanishes. 
For A —)■ cx), the term involves p^ gives 

m 7^ ^ -p^ _ 1 ^ h{AEB,A)-h{AE,A) 

TT y_A ^2mAE b — p^ 2mAE — p^ AE — AEb 

~ \/~AEb + AE, i^AA) 


This means that after taking the limit A —)■ cx), the only terms left in eq. 07.inp are 




A + B 

2m{AEB — AE) 


A + B 

2m{AE — AEb) 


0 


Ai = ±|Ai| (7.15) 


The scalar product of Ae'{x) and Ae{x) is 


(T^/ITe) 


= lim [ —[A*'6{p - V2mAE’) + B*'5{p + V2mAE') + <h^,(p, A)] 

A^oo 271 

X [A6{p — V2mAE) + B6{p + V2mAE) + <Fe(p, A)] (7-16) 
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Using eq. fl7.11|) . we can write eq. fl7.16p as 

~ (A*'A + B*'B)6{V2mAE - ^/2mAE' 


+ 


{A + B){A*' + B*')X{AEb) ^ + B){A*' + B*')X{AEb) 


A7rm{AE — AE') 


AT^m{AE' — AE) 


lim 

A^OO 


zb 

, I-X{AEb, 

)m [l{A + B){A*'-B*')^ 

V 27r 

V A 2mAE — 2mAE' 

zb '' 

J-X{AEb: 

)m [l{A-B){A*' + B*')^ 

V 27r 

V A 2mAE' — 2mAE 


y/2mAE 


+ {A + B){A*' + B*') / dp 

J-K 


X{AEB)m l -\{AEB)m j l 


2-k 


2m AE — 


X 


A(AEfl)m ■ I-\{AEB)m j\ 
- 7 -- 27 ^ 


2m AE' — 


(7.17) 


We can use eq. fl7.13p in the above equation by replacing AEb with AE', then any 
integral involves power one of p vanishes. Moreover, we get 


m 


dp 


-p 


TT 2mAE' — 2mAE — p"^ 


h{AE',A)-h{AE,A) 
AE - AE' 

xTaE' -xTae. 


Accordingly, after taking the limit A —>■ oo, we can write eq. fl7.17p as 

~ 5{\/2mAE - \/2mE') = 6{k - k') Ai = ±|Ai| 


(7.18) 


(7.19) 


7.1 The relativistic case 

The scalar product of Tb(x) and A/e{x) is 

C 

(TbITe) = lim I dp 


1 ± ip\ 


Io{Eb,A) 


A^co 2n Eb — \/p^ + rn? y y hiEB,A) 

X [A6{p - VE^ - m 2 ) + B6{p + VE^ - m^) + $s(p. A)], (7.20) 


where 

^e{p,A) = 


Ai(A) 


E — _|_ ^2 


^p I A±T + J>,;(0, A)) - ((A—? ) ik + >l>i(0, A) 


27r 


27r 


(7.21) 
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The above two equations together with eq. fl5.lip and eq. fl5.12p give 




A + B 


— E A—>co 


lim ( ± iy/E'^ — 


± 


T 


(A + B) 


2ti{Io{Eb) - Io{E)) 

(A + S)v/M^ 


dp 


— A-B 
Eb — E 

IE ip 


HEb^E) 

'HEb.E) 


Io(EbA) 


HEbA) 


E 


dp 


y/p'^ + TH? E — y/p^ + m? 

(l ± ip^- 


Io{EbA) 

h{EB,A) 


ip 


2eA{Io{Eb) — Io{E)) J_x Eb — y/p^ + rn? E — y/p"^ + m? 

(7.22) 

The integrals in the above equation can be obtained by using the following relation 


dp 


{ipY 


h{EB,A)-Ik{E,A) 


27r Eb — y/p^ + E — y/p'^ + m? 


E-E 


(7.23) 


B 


The above relation means that any integral involves odd power of p vanishes. For 
A —)■ oo, the term involves p^ gives 


dp- 


—p 


h{EB.A)-h{E,A) 


2vr jE b — y/p^ + m? E — ^Jp^ + m? E — Eb 

From the above two equations, and after taking the limit A —)■ cxo, we get 

(Tb|Te) = 0, Ai = ±|Ai|. 

The scalar product of ^^(ir) is 

dp. 


A. (7.24) 


(7.25) 


= lim / M"5(p - - m2) + B’'S(p + \/ E'^ - m^) + is'ip, A)) 

A-^oo 27r 

X [A6{p — y/E'^ — w?) + B6{p + y/E"^ — m?) + A)]. (7.26) 
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Using eq. fl7.21|) we can write eq. fl7.26p as 


{^E' I~ {A*'A + B*'B)6{VE^ - m? - - w?) 


lini 

A—>-oo 


+ 




{A + B){A*' + B*')X{E, Eb) {A + B){A*' + B*')\{E', Eb) 
2tt{E - E') ^ 2tt{E' - E) 

{A + B){A*' - B*')\{E,Eb) . ^ 

A 2'k{E - E') 

^/\^^{A-B){A*' + B*')\{E\Eb). ^ 

A 2n{E' - E) 


72 _ 


2 _ ^2 


X 


\{E\ Eb)X{E, Eb){A + B){A*' + B*') 


. -y/log(2A) 


„A , -I • \/log(2A) 

dp f It — 


E' — _|_ ^2 


f_A 47r2 _ y/p2 _|_ ^2 

(7.27) 


We can use eq. fl7.23p in the above equation by replacing Eb with E', then any 
integral involves power one of p vanishes. I addition, we get 


t ;- / dp- 


—p 


h{E',A)-h{E,A) 


2vr y_A E' — \/p‘^ T mX E — \/p‘^ T rn^ E — E' 

Accordingly we can write eq. fl7.27p as 

~ 5(\/^2 _ ^2 _ Ai = ±| Ai |. 


A. (7.28) 


(7.29) 
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